ABSTRACT The basic reproduction number plays an important role in exploring the dynamics of the epidemic models. Such value has been extensively used in the estimation of how severe an epidemic outbreak. Although several methods for calculating the basic reproduction number has been proposed, there isn't an effectively universal method to estimate such value. In this paper, we propose a general approach to calculate the explicit formulation of the basic reproduction number by the renewal equation. We apply such a method to estimate the basic reproduction number of many epidemic models on complex networks consisting of mean-field models, pairwise models, and edge-based compartmental models.
I. INTRODUCTION
The concept of the basic reproduction number R 0 [1] , [2] has been defined as the numbers of secondary cases produced by a typical infected individual in a completely susceptible population. R 0 is an epidemiologic metric for the study of dynamics of infectious diseases and is extensively used indicator of how severe an epidemic outbreak can be. R 0 has the property coupling the process of contagion and the contact patterns of the population. In classical epidemic models, R 0 marks the threshold property, the disease breaks out if R 0 > 1, otherwise, it dies out. Furthermore, the final outbreak size, incidence and time to the peak prevalence of disease are always functions of R 0 . Therefore, many epidemiologists used R 0 to design the control strategies including vaccination, sanitation, quarantine, etc.
Indeed, R 0 equips with the important mission in study of epidemic dynamics. Many researches adopted some methods to estimate the value of R 0 . Generally, the definition of R 0 couples three factors: the likelihood of infection per contact with a susceptible, the contact rate, and infectious duration. From these three points, there exist three main methods to
The associate editor coordinating the review of this manuscript and approving it for publication was Dominik Strzalka. estimate R 0 : calculation of the spectral radius of the next generation operator [3] - [5] , analysis of the data on the time series of cases or stochastic processes [6] - [8] , and analysis local stability of the disease-free equilibrium [9] - [12] .
As we know, individuals contact pattern is an key factor to evaluation of R 0 . Such property has been addressed epidemic models on contact networks [6] - [12] . Network-based epidemic models concern the contact relationship between nodes (individuals or agents). Up to now, there are four-type epidemic models on networks: mean-field models [10] - [13] , the pairwise models [16] , [17] , the edge-based compartmental models [15] , [17] and the bond percolation [18] . For disunity of network-based models, there are not a universal method to estimate R 0 until now. In view of previous studies, R 0 for mean-field models are generally solved by the calculation the spectral radius of the next generation matrix K = FV −1 to estimate R 0 , where F denotes the transmission matrix and V represents the transition matrix; there are two ways to determine R 0 for some pairwise models: directly given by the definition of R 0 , analysis the local stability of the disease-free equilibrium or the positivity of the endemic equilibrium. For any method, the process of calculation R 0 is tedious and it is hard to give a reasonable interpretation. This paper is conducted to proposing an effectively universal method to calculate R 0 in terms of model parameters by renewal equation and Laplace transformation. We will show that R 0 completely determines whether or not the disease based on networks breaks out or dies out.
II. RENEWAL EQUATIONS AND ITS PROPERTIES
The classical renewal equation on positive half-line is defined by
where q(t) is a measurable function and bounded on any finite interval, and G(s) is a distribution function on R + , named by the forcing function and the distribution generating the renewal equation. * denotes the convolution of two functions f and G. Taking Laplace transform on both sides of (1) 
where
Now, we are in a position to adopt the renewal equation to calculate R 0 for a SIS epidemic model. As we know, a classical SIS-type epidemic model obeys the following equations
where S and I denote the density of the susceptible and infected individuals, represents the input rate, α denotes the disease-caused mortality, µ is the natural death rate, β represents the transmission rate. R 0 is defined as the expected number of secondary cases that an infected individual infects if he or she enters a entirely susceptible population.
Observe that system (3)-(4) has a disease-free equilibrium E 0 = (S 0 , 0) = ( µ , 0). Linearizing equation (4) around the disease-free equilibrium E 0 , one arrives at
Solving equation (5) yields
where q(t) = I 0 e −(µ+α+γ )t and G(t) = βS 0 e −(µ+α+γ )t . Hence, (6) 
where I 0 ≥ 0 and lim
The parameter ξ * denotes the intrinsic Malthusian parameter of the infected population determining the growth or reduction of the infected population. The following lemma establishes the relations between ξ * and G(0). Lemma 2: Let ξ * be defined in (7) . The following relationships hold. 
From Lemma 2, R 0 determines whether or not the disease persists or eradicates. Now, we are going to extend this method to calculate the basic reproduction number R 0 on complex networks.
III. APPLICATIONS
As we mentioned in Section I, there are three kinds of epidemic models on complex networks: mean-fields models, pairwise models and edge-compartmental models. Now, we are in a position to calculate the basic reproduction number R 0 of the three such models. Epidemic models on complex networks mainly concern on the relations of the infected nodes or the variations of the infected edges. In the following, we pay much efforts on deriving the variation of infected edges and building the renewal equations associated to infected edges.
A. R 0 of MARKOVIAN EPIDEMIC MODELS ON COMPLEX NETWORKS
A mean-field SIS epidemic model on complex networks proposed by Wang and Dai [19] takes in the form of
with initial condition
where the total population is divided into two classes: susceptible nodes and infected nodes with degree k, denoted by S k (t) and I k (t), respectively. Here, β and γ denote the transmission rate and recovery rate, respectively, and p(l|k) represents the probability of some node with degree k connecting a node with degree l. The average number of infected individuals with degree l connecting with susceptible node with degree with k is formulated in terms of
If we assume that the network is of degree unrelated, then
kp(k). For a mean-field SIS epidemic model on complex networks, (t) denotes the variation of the infected vertexes. Obviously, system (9) always has a disease-free equilibrium E 0 = (S 0 k , 0) = (1, 0), for each n ∈ N. From system (9), we can easily derive the infected edges in the disease invasion phase
Solving (10), we have
Thus, equation (11) can be rewritten as
Clearly, equation (12) 
which coincides the definition by Wang and Dai [19] . For the SIS homogeneous pairwise model, the model couples the nodes and the edges in terms of 
where N is a positive constant. Obviously, system (16) has a disease-free equilibrium (N , 0, nN , 0, 0) . Since we focus on the variations of the infected edges on complex networks, we need to linearize [SI ] and [II ] edges around the disease invasion phase
. (14) Solving (14), we obtain
and
Substituting (15) into (16) 
From equation (18), it is hard to define the last term as a convolution style. Define
In order to derive the basic reproduction number R W 0 , we take Laplace transform on both sides of (18) to obtain
Therefore, the basic reproduction number can be defined by the last term of the above equation provided λ = 0
which is agreement with the definition by Kiss et al. [17] . For Edge-based compartmental model, Miller [15] propose a model in terms of
where ψ(x) = k p(k)x k is the probability generating function of the degree distribution, θ denotes the probability of a randomly chosen partner v of a randomly chosen individual u has not transmitted infection to u, φ I stands the probability that v is infected and has not transmitted infection to u; ρ represents the fraction of an arbitrary initial infection. Linearizing system (18) at disease free equilibrium E 0 = (1, 0), we have for ρ = 0
Solving (19) and (20), we have
where q EM (t) = θ 0 e −(β+γ )t and G EM (t) = β ψ (1) k e −(β+γ )(t) . Hence the basic reproduction number for edge-based compartmental model is given by
which is consistent with the value estimated by Miller [15] .
B. R 0 OF NON-MARKOVIAN EPIDEMIC MODELS ON COMPLEX NETWORKS
Since exponentially distributed infectious period with constant transmission rates are not realistic, infection age accounting for general transmission and recovery processes has been integrated into some epidemic models describing non-Markovian transmission process on complex networks [9] , [17] . An SIS epidemic model with nonmarkovian on complex networks proposed by Yang et al. [9] reads
where the total population is divided into two classes: the density of susceptible nodes and the density of the infected nodes, denoted by S k (t) and i k (t, a), respectively. β(a) and γ (a) denote the transmission rate and recovery rate with respect to the infection age a.
Integrating the second equation of (22) along the characteristic line, we have for
where π (a) = e − a 0 γ (s)ds and b k (t) = S k (t) (i(t, ·)). Similarly, (i(t, ·) denotes the variations of the infected vertexes. From the expression of (i(t, ·)), it follows that
π(a) da. Linearizing at the disease-free equilibrium E P 0 = (1, 0), we obtain that
The next generation operator reads as
where we denote
For a SIR pairwise network model with non-markovian recovery, the model proposed by Röst et al. [16] takes in the form of
where A and [AB] have the same biological meaning as in system (16) . The recovery process is a non-Markovian with a cumulative distribution function F(a) and probability function f (a). ξ (a) = 1 − F(a) represents the survival function.
Using the similar approach, we obtain the linearized equation at the disease-free equilibrium E 0 = (N , nN , 0, 0) with respect to infected edges as follows
Solving (27) yields
where q NP = [SI ] 0 e −βt . Taking Laplace transformation on both sides of (28), we arrive at
Therefore, the basic reproduction number is defined by
where K NP = ∞ 0 f (a)e −βa da. R NP 0 coincides with the definition of R NP 0 by Röst et al. [16] . 
IV. CONCLUSION
Roughly speaking, R 0 is the spectral radius of a next generation operator K. In review of the obtained results, there are two main pathways to estimate R 0 : calculation of the spectral radius of K = FV −1 , where F and V are defined in Section I; direct estimation from the definition of R 0 . We have seen that the calculation process for the former one is tedious, while the later one is hard to be tractable. In this paper, we proposed an effectively universal method to compute the explicit formulation of the basic reproduction number R 0 of epidemic models on complex networks. Actually, the epidemic models based on networks mainly concern with the variations of the edges (the relationship between nodes). Therefore, the steps for the calculation of R 0 is as follows:
• Calculate the disease-free equilibrium of the proposed model;
• Linearize the proposed model in disease related edges phase;
• Solve the linearizing system and obtain the renewal equation;
• Take Laplace transformation and obtain the reproduction number.
Following the mentioned processes, we have calculated the explicit expressions of R 0 for epidemic models on complex networks including mean-field models, pairwise models and edge-compartmental models, even if epidemic models with markovian and non-markovian distribution processes. Lemma 2 ensures that if R 0 < 1 then the disease-free equilibrium E 0 is locally asymptotically stable. The formulation R 0 for epidemic models on complex networks takes in Table 1 .
Clearly, the proposed method in this paper is more concise than the method by analyzing the positivity of the endemic equilibrium in [17] and [19] , and it is more specific and tractable than the one by the definition of the next operator [16] , [17] . Furthermore, we clarify that the proposed method is effective for compartmental models on complex networks, but it is useless for the individual-based epidemic models [8] . However, this method is not limited to the simple structures including SIS and SIR. In fact, some models with sophisticated structures such as SIRS, vertical transmission, even if competing models are useful as long as one captures the variations of the disease related edges and follows the steps in shadow area. 
